DE RHAM AND DOLBEAULT COHOMOLOGY OF 
SOLVMANIFOLDS WITH LOCAL SYSTEMS 



HISASHI KASUYA 



Abstract. Let G be a simply connected solvable Lie group with a lattice T 
and the Lie algebra g and a representation p : G — > GL(V P ) whose restriction 
on the nilradical is unipotent. Consider the flat bundle E p given by p. By 
using "many" characters {«} of G and "many" flat line bundles {E a } over 
G/T, we show that an isomorphism 

H* (g, V a <g> V p ) H* (G/r, E a ® Ep) 

{<*} {E a } 
holds. This isomorphism is a generalization of the well-known fact:"If G is 
nilpotcnt and p is unipotent then, the isomorphism H*(q, Vp) = H*(G/T, E p ) 
holds". By this result, we construct an explicit finite dimensional cochain 
complex which compute the cohomology H*(G/T, E p ) of solvmanifolds even if 
the isomorphism H*(g, V p ) = H* (G/r , E p ) does not hold. For Dolbeault co- 
homology of complex parallelizable solvmanifolds, we also prove an analogue 
of the above isomorphism result which is a generalization of computations 
of Dolbeault cohomology of complex parallelizable nilmanifolds. By this iso- 
morphism, we construct an explicit finite dimensional cochain complex which 
compute the Dolbeault cohomology of complex parallelizable solvmanifolds. 

1. Background and Main results 

1.1. Background. We have nice theorem for de rham cohomology of nilmanifolds 
with local systems. 

Theorem 1.1 (due to [13] or |16j). Let N be a simply connected real nilpotent Lie 
group and n the Lie algebra of N . Suppose N has a lattice T. Let p : N — > GL{V P ) 
be a finite dimensional unipotent representation. We define the flat bundle E p = 
(N x V p ) /r given by the equivalent relation (jg, p("f)v) = {g,v) for g G N, v G V p , 
7 G r. Consider the cochain complex [\ ® V p of Lie algebra (see [14] ) amd the 
canonical inclusion 

/\n* c ®V p ^A*(N/T,E p ). 
Then this inclusion induces a cohomology isomorphism 

H*(n,V p )^H*(N/T,E p ). 

Some researchers tried to extend Theorem 11.11 for solvmanifolds. In fact it is 
proved that for a simply connected solvable Lie group G with the Lie algebra g 
admitting a lattice T and a representation p : G — > GL{V P ), if: 

(H) (|6]) The representation p © Ad is triangular or, 
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(M) ([12]) The two images (p©Ad)(G) and 0©Ad)(T) have same Zariski-closure 
in GL(V P ) x Aut(flc), 

then the isomorphism H*(q,V p ) = H* (G/T, E p ) holds. However in general the 
isomorphism H*(q, V p ) = H*(N/T,E p ) does not hold. 

As an Analogue of Theorem 11.11 we have the following theorem for Dolbeault 
cohomology of complex parallelizable nilmanifolds. 

Theorem 1.2 (due to [17]). Let N be a simply connected complex nilpotent Lie 
group and n the Lie algebra (as a complex Lie algebra) of N . Suppose N has a 
lattice r. Let a : N — » GL(V a ) be a finite dimensional holomorphic unipotent 
representation. We also consider the anti-holomorphic representation a : N —¥ 
GL(V S ). Define the flat holomorphic vector bundle L s — (N x V s )/T over G/T 
given by the equivalent relation (jg,o'(j)v) = (g,v) for g € N, v £ V a , 7 G V. 
We consider the Dobeault complex (A*'*(N/T, L a ),d). We regard /\tt* £3> V a as 
the subcomplex of (A '*(N/T,L&),d) which consists of the left-invariant "anti"- 
holomorphic forms with values in L s . Then the inclusion 

f\n*®V a ^ A°<*(N/r,L*) 

induces a cohomology isomorphism 

H*(n,V a )^H° s '*(N,L 9 ). 

Hence since N/T is complex parallelizable, we have an isomorphism 

/\C dimAr ® H*(n, Va) = H* 8 '*(N, Lg). 

It is desired that Theorem 11.11 and 11.21 are generalized for solvmanifolds and 
we can compute the de Rham and Dolbeault cohomology of solvmanifolds even 
if the isomorphism H*(q,V p ) ^ H*{G/T,E p ) (resp. f\C dimN ® H*(n,V a ) = 
H*'* (N, L s )) does not holds. 

1.2. Main results. The first purpose of this paper is to show new-type cohomology 
isomorphism theorems for solvmanifolds which are generalizations of Theorem 11.11 
and II. 21 These analogous each other. We consider the "many" characters of G and 
"many" line bundles over G/T. In this paper we prove: 

Theorem 1.3. Let G be a simply connected real solvable Lie group with a lattice 
r and q the Lie algebra of G. Let N be the nilradical (i.e. maximal connected 
nilpotent normal subgroup) of G. Let A^g,n) = { a £ Hom(G, C*)|ai N = 1} and 
A(a, jv) (r) the set {E a } of all the isomorphism classes of flat line bundles given by 
{Va}aeA {G jv)- Let p : G — > GL(V P ) be a representation. For the nilradical N of G, 
we assume that the restriction p\ N is a unipotent representation. We consider the 
direct sum 

A 0c ®V a ®V p 

of the Lie algebra cochain complexes. We also consider the direct sum 

A*(G/T,E a ® E p ). 

E a eA {G , N) (T) 

Then the inclusion 

f\Qc®V a ®V p ^ A*(G/T,E a ®E p ). 
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induces a cohomology isomorphism 

H*(g,V a ®V p )^H* = H*(G/T,E a ®E p ). 

ae^(G.w) B a e-4(G,jv)(r) 

We also prove: 

Theorem 1.4. Let G be a simply connected complex solvable Lie group with a lattice 
r and g the Lie algebra (as a complex Lie algebra) of G. Let N be the nilradical 
of G. Let B(g,jv) = {« e Hom /loi (G, C*)\ct\ N = 1} and B( GtN )(T) the set {L & } 
of all the isomorphism classes of holomorphic line bundles given by {Va} a £j3 {G N) ■ 
Let a : G — > GL(V a ) be a holomorphic representation. For the nilradical N of G, 
we assume that the restriction o\ N is a unipotent representation. We consider the 
direct sum 

f\$*®V a ®V a . 

of the Lie algebra cochain complexes. We also consider the direct sum 

A°>*(G/T,L & ®L„) 

of Dolbeault complexes. 
Then the inclusion 

f\9*®V a ®V a ^ A°'*(G/T,L S ®L 9 ) 

induces a cohomology isomorphism 

H*{g,V a ®V a ) = H a -*{G/T,L & ®L S ). 

Remark 1. The correspondence A(q,n) — > A(g.n)(T) (resp. B(g,n) — * I3(g,n)(^)) is 
not 1 to 1. This remark is very important for the case the isomorphism H*(g, V p ) = 
H*(G/T,E p ) (resp. H*(g,V a ) H°'*{G/T,L^)) does not hold. 

The second purpose of this paper is to construct a explicit finite dimensional 
cochain complex which compute the de Rham cohomology H*(G/T,E p ) and the 
Dolbeault cohomology H°'*(G/T,L S ) by using Theorem 11.31 and II .41 We prove: 

Theorem 1.5. Let G be a simply connected real (resp complex) solvable Lie group 
and g the Lie algebra of G . Define A(g,n) (resp. B(q^\) as in Theorem ] 1.3\ fresv 
Theorem \l-4]) - Let p : G — > GL(V P ) (resp. a : G — > GL(V a )) be a representation 
with the assumption of Theorem \1.S\ (resp Theorem \1.^) - We consider the direct 
sum 

f\Qc®V a ®V p 

(resp. 

/\Q*®V a ®V a 

Q 6B(G,w) 

) of the Lie algebra cochain complexes. 

Then there exists a finite dimensional subcomplex 

A * c /\®c® V «® V p 

q G-4(g,jv) 
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( resp. 

B* C f\Q*®V a ^V a 

ae8( G ,iv) 

) such that the inclusion induces a cohomology isomorphism. 
By Theorem 11.31 (resp Theorem II. 4p , we have the inclusion 
i:A*-> A*{G/T,E a ®E p ) 

E a £A {G , N) (r) 

(resp. 

i:B*^ A°'*(G/T,L & ®L 9 ) 
) inducing a cohomology isomorphism. Hence we have: 

Corollary 1.6. Let A r = r l (A*(G/T, E p )) (resp. B* = r 1 (A '* (G/T , L„)). 
Then we have an isomorphism 

H*{A* T )=H*{G/T,E P ) 

( resp. 

H*(B*) = H <*(G/r,L„) 
and hence /\C dinlG ®H*(B*) = H*>*(G/T, L s )). 

Consider the adjoint representation Ad. Then the restriction Ad| N is unipo- 
tent. Hence by the above cochain complex Ap, we can compute the cohomol- 
ogy H*(G/T,EAd) on general solvmanifolds. The cohomology H*(G/T,Exd) — 
H*(T, Ad) is important for studying the deformation of lattice T in G. 

2. Preliminary: Jordan decompositions of representations 

Let A € GL n (C). We denote by A s (resp. A u ) the semi-simple (resp. unipotent) 
part of A for the Jordan decomposition (see [5] for the definition) . We will use the 
following facts. 

Lemma 2.1. Let N be a simply connected nilpotent Lie group and <p : N — > GL(V V ) 
a representation. Then the map ip' : N 3 g — > (ip(g)) s is also a representation (see 
[2]^. Since (p'(N) is connected nilpotent group and consists of semi-simple elements, 
the Zariski- closure ofip'(N) is an algebraic torus (see [9j Section 19]) and hence ip' 
is diagonalizable. 

3. Proof of Theorem 11.31 

3.1. Cohomology of tori. Let A be a simply connected real abelian Lie group 
with a lattice T and a the Lie algebra of A. 

Lemma 3.1. Let p : A — > GL(V P ) be a representation. Suppose p = f3 (£> cj> such 
that (3 is a character of A and <j> is a unipotent representation. Then we have: 
If j3 is non-trivial, then we have 

H*{a,V p ) = {). 

If the flat line bundle Ep is non-trivial, then we have 

H*(A/T,E P ) = 0. 
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Proof. Suppose dimV^, = 1. Then if [3 is non-trivial, we can show H*{a,V p ) = 
H*(a,Vp) = by simple computation and if Ep is non-trivial, then we have 
H*(A/T,E p ) = H*(T,0) = by [IU Lemma 2.1]. 

In case dim V a = n > 1, by the triangulation of p, we have a (n — l)-dimensional 
A-submodule V p i such that V p /V p i = Vp. Then by the long exact sequence of 
cohomology of Lie algebra or group (see [H]), the lemma follows inductively. □ 

Lemma 3.2. Let p : A — > GL{V P ) be a representation. Then we have a basis ofV p 
such that p is represented by 

k 

P = c*i ® 0i 

i=l 

for characters at of G and unipotent representations <fn of G. 

Proof. For a character a, we denote by W a the subspace of V p consisting of the 
elements w £ V p such that for some positive integer n we have (p(a) — a(a) I) n w = 
for any a £ A. Since A is abelian, we have a decomposition 

V p = W ai 8 • • • © W ak 

by generalized eigenspace decomposition of p{a) for all a £ A. Let Pi(a) = 
(p(a))\ w ■ Then we have p — pi ® ■ ■ ■ ® Pk- We have (pi(a)) s = a^J. Let 
4>i(a) = (pi(a)) u . By Lemma 12. li <j>i is a unipotent representation and we have 
Pi{a) = (pi(a)) s (pi(a)) u = (a^ £g> <fii)(a). Hence the Lemma follows. 

□ 

Let {V a } Qe Hom(yi,c*) be the set of all 1-dimcnsional representations of A and 
H{A/Y) = {Ep} the set of all the isomorphism classes of flat line bundles given by 
{V a } QG Hom(AC')- We notice that the correspondence {F a } Q , eH om(A,c*) -> H(A/T) 
is not injective. We consider the direct sums 

f\a* c <E)V a <EiV p 

«GHom(A,C*) 

and 

A*{A/T,E a ®E p ). 
E a eH(A/r) 

Proposition 3.3. The inclusion 

f\a* c <EiV a <E)V p 

cieHom(A,C*) 

induces a cohomology isomorphism. 
Proof. Consider the decomposition 

k 
i=l 

as the above lemma. Then we have 

k 

/\a* c ®V a ®V p = /\a*®0T4 Qj ®F 0i 

«eHom( J 4,C*) a£Hom(A,C*) i=l 



A*(A/T,E a ®E p ) 
E a eu(A/r) 
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and 

k 

A*(A/T,E a ®E p ) = A*(A/T,®E a ®E ai ®E < i >i ). 

E a &H(A/T) E a eH(A/T) i=l 

By Theorem 11.11 and Lemma 13.11 we have 

k k 

H *( A*(A/T,E a ®E p ))=H*(A/T,@E^)=H*(a 7 @V^). 

E a £H(A/r) i=l i=l 

By Lemma 13. II we have 

fc 

H *( /\a* c ®V a ®V p )^H*(a,($V^). 

aeHom(A,C) i=l 

Hence the proposition follows. □ 

3.2. Mostow bundle and spectral sequence. Let G be a simply connected 
solvable Lie group with a lattice L and g be the Lie algebra of G. Let ./V be the 
nilradical of G. It is known that L n N is a lattice of N and T/T n N is a lattice of 
the abelian Lie group G/N (see [M|). The solvmanifold G/T is a fiber bundle 

N/TnN = NT /T *-G/F G/NT = (G/N) /(T/T n iV) 

over a torus with a nilmanifold AT/r (1 iV as fiber. We call this fiber bundle the 
Mostow bundle of G/T. The structure group is NT/T as left translations where 
L is the largest normal subgroup of L which is normal in NT (see [T5]). 

Let p : G — )■ GL(V^,) be a representation such that the restriction p\ N is a 
unipotent representation. For the Mostow bundle p : G/T -> (G/N) /(T/T H 2V), 
we define the vector bundle 

H«(A^/rniV) = u xe(G/iV)/(r/rn ^ ) ir«(p- 1 (x),s p ) 

over the torus (G/N)/(T/T D N). By Theorem we have H q (p~ x (x), E p ) = 
if 9 (n, Vp). Hence let A 9 : G/N -> GL(H q (n, V p )) be the representation induced by 
the extension l^N^G^G/N^-1, then we can regard H 9 (A r /F n AT) as the 
flat bundle Ea, ■ We consider the filtlation 

p+q p+q 

F" /\ q* c = {cj e /\ ScH^i, ■ • • = for X U ...,X p+l G n c }. 

This filtration gives the filtration of the cochain complex A Sc®^p anc ^ the filtration 
of the de Rham complex A*(G/T,E p ). We consider the spectral sequence EZ'*(g) 
01 Afl£ ® and the spectral sequence £^*(G/F) of A*(G/T,E P ). Set G/N = ,4 
and L/F n AT = A and a = jj/n. Then we have the commutative diagram 

El' q (9) E*' q (G/T) 

/\a* c ® V\ q *A*(A/A,E A J 



(see [BJ, QU Section 7]). 
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3.3. Proof of Theorem Hm 

Proof. Consider the spectral sequence E*'*(g) of 

and the spectral sequence Et'*(G/T) of 

A*(G/T,E a <g>E p ). 
E a eA {G , N) (r) 

Set A = G/N and A = T/T fl N and a = g/n. Since we can identify A(q,N) (resp. 
A(g,n)(F)) with Hom(^4,C*) (resp. H(A/A)), we have the commutative diagram 

El' q {Q) E*'«(G/r) 



0aeHom(A,C«) A ® ® >- © Bc , e «(A/A) (^/ A - E * ® #A,). 

By Proposition l3.31 the homomorphism — > _E* : *(G/r) induces a cohomology 
isomorphism and hence we have an isomorphism E 2 ' (q) — E 2 *(G/Y). Hence the 
theorem follows. □ 

4. Proof of Theorem 11.41 



4.1. Dolbeault cohomology of tori. First we prove Theorem 11.21 by Sakane's 
Theorem [17] , 

Proof of Theorem 1 1.21 In case dim V a = 1 , a is trivial and the theorem follows from 
Sakane's Theorem [T7] . 

In case dimV^ = n > 1, since <r is unipotent, we have a (n — l)-dimensional 
G-submodule V G < C V a such that V a /V a > is the trivial submodule. Then we have 
the spectral sequences 

Afl* ® »- Afl* ® K »■ Afl* ® V CT /K' 

and 

A°'*(G/T, L s ,) »- A°>*(G/T, L 9 ) A°>*(G/T, L 9 /L 9 .) *■ 0. 

We have the commutative diagram 

o »- Aq* ® v a »- As* ® »- As* ® K/K' o 



A°'*(G/T, L 9 ,) A°>*{G/T, L 9 ) A°>*(G/T, L 9 /L 9 ,) 0. 

Considering the long exact sequence of cohomologies, by the five lemma, the theo- 
rem follows inductively. □ 

Let A be a simply connected complex abelian group with a lattice T and a the 
Lie algebra of A. 
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Lemma 4.1. Let a : A — > GL{V a ) be a holomorphic representation. Suppose 
o~ = ft ® <f> such that (3 is a character of A and <j) is a unipotent representation. 
Then we have: 

If (3 is non-trivial, then we have 

H*(a,V a ) = 0. 

If the holomorphic line bundle Lp is non-trivial, then we have 

H°'*(A/T,L<t) = 

Proof. In case dim V a = 1 , the lemma is proved in [11] . 

In case dim V a = n > 1, by the triangulation of cr, we have a (n — l)-dimensional 
A-submodule V a i such that V a /V a ' — Vp. Then we have the exact sequence 

A°-*(A/T, L fff ) A '* (A/T, L s ) A°>*(A/T, L«/L s ,) . 

Considering the long exact sequence of cohomologies, the lemma follows inductively. 

□ 

By similar proof of Lemma 13.21 we have the following lemma. 

Lemma 4.2. Let a : A — > GL(V a ) be a holomorphic representation. Then we have 
a basis of V a such that a is represented by 

k 

cr = Q-i ® (pi 

i=l 

for holomorphic characters oli and holomorphic unipotent representations (pi ■ 

Let {V r Q ,} ct gHom hol ( J 4.c*) be the set of all 1-dimensional holomorphic representa- 
tions of A and Hhoi(A/T) — {L & } the set of all the isomorphism classes of holomor- 
phic line bundles given by {Va} a& uom ho i(A,c*)- We notice that the correspondence 
{Va}aeHoinhoi(A,C*) is not injective. We consider the direct sums 

f\ a* <8 V a <» V a 

QGHom ho , (A.C ) 

and 

A a -*{A/T,L & ®L 9 ). 

L s eH ho ,(A/r) 

Proposition 4.3. The inclusion 

/\a*®V a ®V a ^ A Q '*(A/T,L a ®L s ) 

aeHom hol (A,C") L & £U ho i(A/T) 

induces a cohomology isomorphism. 

Proof. By using Theorem 11.21 and Lemma |4 . 1 1 and [ 4 . 2 [ we can prove the proposition 
by similar argument of the proof of Proposition 13.31 □ 
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4.2. Mostow bundle and spectral sequence. Let G be a simply connected 
complex solvable Lie group with a lattice L and g be the Lie algebra of G. Then 
the mostow bundle 

n/thn = nt/t — *-G/r — ^g/at = (G/N)/{r/rnN) 

is holomorphic. 

Let a : G — > GL(V a ) be a representation such that the restriction a\ N is a 
unipotent representation. For the Mostow bundle p : G/T -> (G/N)/(T/T n iV), 
we define the vector bundle 

H°'«(N/T nN) = U 2;e(G/N)/(r/rn7 v ) i/ ^( J5 - 1 ( a ;), L s ) 

over the torus (G/N)/(T/T n N). By TheoremO we have H '"^ 1 (x), L s ) = 
H°' q (n, Vcr). Hence let A, : G/N -> GL(H q (n,V a )) be the representation induced 
by the extension 1 N G G/N -S- 1, then we can regard H°' 9 (iV/F n 2V) as 
the flat holomorphic bundle L^. We consider the filtration 

p+q p+q 

FP f\ * = {u> G /\ S*|w(Xi, . . = for X l5 . . . , Xp+i G n}. 

This filtration gives the filtration of the cochain complex f\ g* (g> V a and the filtration 
of the Dolbeault complex A°>*(G/T,L 5 ) = C°°(G/T,L^) ® /\g*. We consider the 
spectral sequence doiEI , *(q) of ® and the spectral sequence DoiE*'* (G /F) 
of A°'*(G/T,L 9 ). Set G/N = A and T/F n iV = A and a = g/n. By Borel's result 
[3 Appendix 2], we have the commutative diagram 

D oiE*'«(q) Dol El' q {G/T) 



/\a*®V Kq ^A°-*(A/A,L At ). 

4.3. Proof of theorem. 

Proof. Consider the spectral sequence doiEZ'*(q) of 

Q 6i3(G,w) 

and the spectral sequence £> Q ;i?*'*(G/r) of 

i»6e (G , JV) (r) 

Set A = G/N and A = F/F n AT and a — g/n. Since we can identify BtG,N) (resp. 
B( Gi jv)(r)) with Hom,, o/ (A,C*) (resp. H ho i{A/A) as Section gT]) . we have the 
commutative diagram 



Homh«,i(A,c*) A a * ® ® ^ 0L Q e«hoi(A/A) ^4 '*(^4/A, L a ® L A ). 
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By Proposition I4.3[ the homomorphism d iE*'*{q) — > DolE*'*(G/T) induces a co- 
homology isomorphism and hence we have an isomorphism DoiE^io) = DoiE^* (G /L) . 
Hence the theorem follows. □ 

5. Construction of finite cochain complex (de Rham case) 

We will use the following proposition. 

Proposition 5.1. ([2] Proposition 3.3]) Let G be a simply connected solvable Lie 
group G and N the nilradical of G. Then we have a simply connected nilpotent 
subgroup C C G such that G — C ■ N . 

Remark 2. This proposition is given by the decomposition (not necessarily direct 
sum) g = c + n (see [31 Theorem 2.2]). Since this decomposition is compatible with 
any field (see [3j Theorem 2.2]), if G is complex Lie group we can take a subgroup 
G also complex. 

Let G be a simply connected solvable Lie group and g be the Lie algebra of G. 
Let N be the nilradical of G. Let p : G — > GL(V P ) be a representation. Suppose 
the restriction p\ N is unipotent. We consider the direct sum 

/\Qc®V a ®V p . 

Then we have the G-action on this cochain complex via (J) Ad ® a ® p. Since this 
action is extension of the Lie derivation, the induced action on the cohomology is 
trivial. Consider the semi-simple part 

(( Ad®a®p)Q?)) s = (Ad a ) s ® a{g) ® {p{g)) s . 

Take a simply connected nilpotent subgroup C C G as Proposition l5.ll Since C 
is nilpotent, the map 

$:C3m (Ad s ) s ® a(g) ® (p(g)) s £ Aut( f\ j£ ® V a ® V p ) 

is a homomorphism. We denote by 

( f\9* c ®V a ®V p f^ 

Q G-4(G,iv) 

the subcomplex consisting of the <£>(G) -invariant elements. 
Lemma 5.2. The inclusion 

( /\8*c®V a ®V p f^ c /\&®V a ®V„ 

«G.4(G,N) Ct6-A(G,JV) 

induces a cohomology isomorphism. 

Proof. Since the induced G-action on the cohomology -ff*(© Qg _4 A Be ® K» ® 
V^,) is trivial and $(G)-action is semi-simple part of G-action, the induced $(G)- 
action on the cohomology -ff*(© Q , e ^ (G N) A 0c ® ^* ® ^p) * s a l so trivial and hence 

H *( /\&*c®V a ®V p f^=H*( /\fl£®V a ®V p ). 

«e^4(G,N) "6^(G,JV) 
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Since $ is diagonalizable, we have 

H *(( Aflc®«^)* (C) )=#*( f\dh®V a ®V p f( c \ 

«£Ag,») «6-4(G,jv) 

Hence the lemma follows. □ 

The subcomplex (® a(E ^ (G N) A Ac ® ^» ® Vp)*( c ' is desired subcomplex A* as in 
Theorem 1 1.51 By using certain basis, we see that this complex is finite dimensional 
and write down the subcomplex as Corollary 11.61 explicitly. 

We have a basis X 1: . . . , X n of gc such that (Ad c ) s = diag(ai(c), . . . , a„(c)) for 
c e C. Let cci, . . . , x n be the basis of rj£ which is dual to X\ , . . . , X n . We have a basis 
V\, . . . , v m of V p such that (p(c)) s = diag(a^(c), . . . , a' m (c)) for any c € C. Let w a be 
a basis of V a for each character a <G -4.(G,j\n- By G = C-N, we have G/N = C/CDN 
and hence we have A(c,N) — Ac,CnN = {a E Hom(C, C*)\ct\ cnN = 1}. 

For a multi-index / = . . ,i p } we write xj — Xi x A • • • A Xj , and a/ = 
OLi x ■ ■ ■ (Xi . We consider the basis 

{Xj <E)V a <E) Vk}l(z{l,..., n },aeAa,CnN,ke{l,..;m} 

of ®aeA c ,cnN A Be ® V & ® ^P' Since tne ac ti on 

$ : C -> Aut(0 /\ fl * ® F a <8 y p ) 

is the semi-simple part of ((J) Ad <E) a <Ei p)\ c , we have 

$(a)(xj ® u a ® ffe) = aj" aa'j.X/ <£> w a <8> u*.. 

Hence we have 

((0A0c®^ Q ®y p f( c ) 

a 

= (xi ® " aiQ '-i ® «fc®)lc{l,...,n},fee{l 1 ...,m} 

= /V^i ® u ai , • • • > ® v) ® (" Q ;-i ® «1, ■ ■ ■ ) V^ 1 ® 

Finally we construct a finite dimensional complex vlp which computes the de Rham 
cohomology H*{G/T,E p ). 

Corollary 5.3. Let A\% be the subcomplex of (0 Q f\Q^®V a ® V p ) 9 ^> defined as 

A* r = ( XI ® u^-x ® ^Ka/a^ 1 )^ = 1). 
TTien we have an isomorphism 

H*{A* T ) = H*(G/T,E P ). 
Proof. Consider the inclusion 



ae^G.w -E Q e^i(G,jv)(r) 

t - 1 (^*(G/r,£; p )) = ^. □ 



t(x/ ® u Q , jQ ,'-i <8)Wfc) € ^4*(G/r,_E p ) if and only if (a/a^ 1 p)\ r = p\ r . Hence we have 
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Corollary 5.4. We consider the following conditions: 

(Oi) For each multi-index I — {i±, and k £ {l,...,m}, the character 

aia'j^ 1 is trivial if and only if the restriction (aja^~ )i r is trivial. 

{(^2) For each multi-index I = {ii, . . . ,i p } and k 6 {l,...,m} } the character 
ctia'jT 1 is trivial or non-unitary. 

If the condition (Oi) or (O2) holds, then we have an isomorphism 

H*(g,V p ) = H*(G/T,E p ). 

Proof. If the condition (Oi) holds, then we have = (A Be ® ^p)*^ C '- Hence we 
have 

H*(G/T,E P ) Si H(/\q* c ® F p )*( c ) S H*(fl, 

The condition (O2) is special case of the condition (Oi)- Hence the corollary follows. 

□ 

Remark 3. For a representation p : G — > GL(Vp) such that the restriction p\ N is 
trivial, the condition (M) (resp. (H)) in Section 1 is a special case of the condition 
(Oi) (resp (0 2 )) 

Remark 4. Let c be the Lie algebra of C. Take a subvector V C c (not necessarily 
Lie algebra) such that g = V © n. Then we define the map 

ad s : q = V ffins A + X i-> (aA A )s € D(g) 

where (adyi) s is the semi-simple part of ad^ and D(g) is the Lie algebra of deriva- 
tions of g. This map is a Lie algebra homomorphism and a diagonalizable repre- 
sentation (see [1] and [TU]). Let Ad s : G — > Aut(g) be the extension of ad s . Then 
this map is identified with the map 

G = C ■ N 3 c-n^ (Ad c ) G Aut(fl). 

We define the Lie algebra uq C -D(g) x as 

u G = {X - ad sX |X € g}. 

Consider the above basis {xi, . . . , x n } of g c . Then in |TD] the author showed that 
we have an isomorphism 

f\(xi <8>v ai ,...,x n ® v a J ^ /\(ug ® C)*. 

(This fact gives the new developments of de Rham homotopy theory on solvmani- 
folds. See [10].) Hence we can regard 

( /\8* c ®V a ®V p f (c) = /\{xx®v ai ,...,x n ®v a J®{v a ,-i®vi,...,v a ,-i®v m ) 

as the cochain complex of nilpotent Lie algebra of ug with values in some repre- 
sentation. 

6. Construction of finite cochain complex (Dolbeault case) 

In this case we can say almost same argument for de Rham case without difficul- 
ties. Let G be a simply connected solvable Lie group and g be the Lie algebra of G. 
Let N be the nilradical of G. Let a : G — > GL(V a ) be a holomorphic representation. 
Suppose the restriction m N is unipotent. We consider the direct sum 

f\Q*®V a ®V p . 

Q £S( G>J v) 
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Then we have the G-action on this cochain complex via (J) Ad (g> a S3 p. Consider 
the semi-simple part 

(( k&®a®p){g)) s = {kA g ) s ®a{g)®{p{g)) s . 

Take a simply connected complex nilpotent subgroup G C G as Proposition 15.11 
and Remark [2] Since G is nilpotent, the map 

$:G9c^ (Ad ff ) s ® a(g) ® {p{g)) s S Aut( /\ g* ® V Q ® K) 

is a homomorphism. We denote by 

( /\e*®V a ®V a f^ 

"6*4(G,w) 

the subcomplex consisting of the $(C)-invariant elements. By similar proof of 
Lemma 15^21 we have: 



Lemma 6.1. The inclusion 

( ®v a ®v a f^ C /\Q*®V a ®V„ 

induces a cohomology isomorphism. 

We have a basis Xl, . . . , X„ of g such that (Ad c ) s = diag(ai(c), . . . , a n (c)) for 
c e C. Let iri, . . . ,x n be the basis of g* which is dual to X\, . . . , X n . We have a basis 
Vi, . . . , v m of Vcr such that (<t(c)) s = diag(a' 1 (c), . . . , a^(c)) for any c G C. Let w Q be 
a basis of V a for each character a E B(q,n)- By G = C-N, we have G/A^ = C/CON 
and hence we have B{g,N) = Bc,CnN = {a E Rom ho i(C, C*)\a\ cnN = 1}. 

For a multi-index I = {ii,.. . ,i p } we write a;/ = A ••• A , and a/ = 
ajj • • • ai p . We consider the basis 

{Xl ®V a ® Vk}lc{l,...,n},aeA c ,cnN,k<£{l,...,m} 

of ®aeB c ,cnN Afl* ® v a ® Since the action 

$:G^Aut(0/\g*®l/ Q ®y ff ) 

a 

is the semi-simple part of (0 Ad ® a ® u)i , we have 
Hence we have 

(0Afl*®^^^) $(c) 

a 

= (Xj ® V aia >-i ® Ufc>Z C {l,...,n},fc£{l,...,m} 

= ® u Ql , . . . ,x„ ® v Q J) ® {v a '-i ® Ui, . . ■ , V^ 1 ® 

Corollary 6.2. Let be the subcomplex of (xi ®v aia >- 1 ®Vk)i<z{i....,n}.k£{i,...,m} 
defined as 

Br = Ui ® v a ,-, ® » fc | (——j^i 
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Then we have an isomorphism 

iT(£ r ) = H°'*{G/T,La). 

Proof. It is known that we have the 1-1 correspondence between the isomorphism 
classes of flat holomorphic line bundles over a complex torus and the unitary char- 
acters of its lattice (see [TS])- By this, for a <E B{g,n)i considering the unitary 
character — , the holomorphic line bundle L & is trivial if and only if the restriction 
(— )i_ is trivial. Hence 

v a > |r 

L ( x i ® v aia ' k r 1 ® e A*{G/T,L S ) 

- -/— 1 

if and only if the restriction ( 1 t=t )\ v is trivial. Then we have i~ 1 (A* (G/I\ — 
£f. □ 

Corollary 6.3. We consider the following condition: 

(*) For each multi-index I = . . . ,i p } and k G {1, ...,m}, the character 

aiolZ 1 is trivial if and only if the restriction ( — )i„ is trivial. 

// t/ie condition (*) holds, then we have an isomorphism 

H*{Q,V a )^H°'*{G/T,L s ). 

Proof. Suppose the condition (★) holds. Then we have Bf = (Afl* ® V^)*^. 
Hence we have 

H°<*(G/r,L„) = H*(/\g* ® K)* (c) = B*( ,K). 

□ 

Remark 5. We define the nilpotent Lie algebra ug as Remark @] In complex case, 
Ug is also a complex Lie algebra. As similar to Remark [4] we have 

Suppose G has a lattice L. We consider the cochain complex 
B r = 

Then we have an isomorphism H°'*(B£) = H°'*(G/T) by Corollary 16.21 We con- 
sider the following condition. 

(□) For each 1 < i < n, the restriction (^ i )| r is trivial. 
If the condition (□) holds, then we have 

b t = /\( x i ®v ai ,...,x n ® v a J = /\ U G- 

Let Ug be the simply connected complex Lie group with the Lie algebra ug- 
Then Ug is the nilradical of the semi-simple splitting of G (see [2]). It is known 
that if G has a lattice, then Ug has a lattice L' (see pQ). 

Hence we have: 

Corollary 6.4. Let G be a simply connected complex solvable Lie group with a lattice 
r. If the condition (□) holds, then there exists a complex parallelizable nilmanifold 
Ug/F' such that we have an isomorphism 

H*'*(G/T) = H*'*(U G /T'). 
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By this corollary we have some solvmanifolds whose Dolbeault cohomology is 
isomorphic to the Dolbeault cohomology of nilmanifolds. 

7. EXAMPLE 

Let G = C C 2 such that 

' e z 
e" 2 

Then we have a + sf^b, c + € C such that Z(a + V^lb) + Z(c + V^Id) 

is a lattice in C and 4>(a + y/—lb) and <fi(c + v 7 — Id) are conjugate to elements of 
SL(4,Z) where we regard SX(2,C) C SX(4,R) (see [8]). Hence we have a lattice 
r = (Z(a + V^T&) + Z(c + v^Td)) 1X0 T" such that T" is a lattice of C 2 . 

7.1. Twisted de Rham cohomology iJ 1 (G/r, i?Ad)- For a coordinate (w, z%, Z2) € 
C C 2 we have the basis {vi, . . . , vq} of gc such that 

«, 9 w d -w 9 -w d d d 

vi = e — : v 2 = e — : v 3 = e — ,v 4 = e — , v 5 = — , v 6 = 

az\ az\ 0Z2 0Z2 ow aw 

Consider the dual basis 

e~ w dz\,e~ w dz\, e w dz2, e w dz2, dw, dw. 

As we consider rjc as a representation of g via Ad, we have the cochian complex 
A S* ® 0C whose differential is given by 

dvi = dw ® «i, c?W2 = <X> di>3 = — dw ® V3, dv± = —dw ® U4 
dv 5 = — e^d^i ® «i + e w dz 2 ® v 3 , dv 6 = —e w dz\ ®v 2 + e w dz 2 €5 U4. 
For (to, 0,0) G C, we have (Ad (!I))0 , )) s = diag(e™, e™, e^ 1 ", e^, 1, 1) for the basis 
{ui, . . . , vq}. Consider the cochain complex 

as Section [5] where C = C. Then we have 

(0Afl*®^® y p)* (c) 

a 

= f\(~ w dzi (£> v e ™ , e~ w dz\ (8) w e ™ , e w d^2 ® « e -» , e w dz~2 ® v e -™ 1 dw, dw) 

(^)(«1 ® Vi w 2 ® U e -«i,«3 <8>Ve™, D4 8^, V5, 

For any lattice r we have 61 (G/r) = 61(g) = 2. But we will see that dim H 1 (G/T, eAd) 
varies for a choice of T. If 6, d € 7rZ, then we have 

A° r = (« 8 ,«B>, 

= {eT w dz\ ® ui, e _,1 "(izi ® w e ™ ® w 2 ® u e -«s , 

e _! "dzi We™ ® «i ® w e™ j eT w d%\ ® «2 ; 
e™dz 2 ® U3, e w d^2 ® « e -«» <& «4 ® ^e™, 
e^d^a <8> w e -™ ® w 3 <g> u e -«, e w dz~2 <8> v&, 

dw (g> U5, dw (8 «6j dw ® 1)5, (g> i^). 
Hence we have dim i/ 1 (G/r, Va<j) = dimi? 1 ^) = 6. 
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On the other hand, if b £ 7rZ or d £ 7rZ, then we have 

A}, = (e~ w dzi ® vi, e~ w dz\ ® v 2 , e w dz 2 <X> v 3 , e w dz 2 <8> tti, 

dw ® us, dw ® vq, dw ® U5, Gte ® i^)- 

Hence we have dim F 1 (G/r, £ A d) = dimif 1 ^) = 2. 

7.2. Dolbeault cohomology Hg* (G/T). For a coordinate (zi, 22,23) G C k^C 2 , 
we consider the basis (2:1,22, £3) = {dz\, e~ Zl dz 2 , e Zl dz 3 ) of g*. We consider C = 
C = {(21)} and (01,02,03) = (1, e* 1 , e _zi ) for C and (01,02,03) as in Section[5] 
If 6 ttZ or c ttZ, then (*) holds and hence we have H* S '*{G/T) Si /\ C 3 (g) £T*(fl). 
If &, d € 7rZ, then the condition (□) holds and hence we have H*'*(G/T) = f\<C 3 <E) 
/\C 3 . There exists a lattice T which satisifies the condition (*) or (□) (see [8]). 
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